Fluid-structure effects of cloaking a submerged spherical shell by Scandrett, C.L. & Vieira, A.M.
Calhoun: The NPS Institutional Archive
Faculty and Researcher Publications Faculty and Researcher Publications Collection
2013-09
Fluid-structure effects of cloaking a submerged
spherical shell
Scandrett, C.L.
J. Acoust. Soc. Am., Vol. 134, No. 3 (September 2013), p. 1908-1919
http://hdl.handle.net/10945/48437
Fluid-structure effects of cloaking a submerged spherical shell
C. L. Scandrett
Department of Applied Mathematics, Naval Postgraduate School, 833 Dyer Road, Monterey, California 93943
A. M. Vieira
Portuguese Naval School, Alfeite Naval Base, Almada, Postal Zone 2805-101, Portugal
(Received 21 June 2013; accepted 8 July 2013)
Backscattering from a cloaked submerged spherical shell is analyzed in the low, mid, and high fre-
quency regimes. Complex poles of the scattered pressure amplitudes using Cauchy residue theory
are evaluated in an effort to explain dominant features of the scattered pressure and how they are
affected by the introduction of a cloak. The methodology used is similar to that performed by
Sammelmann and Hackman [J. Acoust. Soc. Am. 85, 114–124 (1989); J. Acoust. Soc. Am. 89,
2096–2103 (1991); J. Acoust. Soc. Am. 90, 2705–2717 (1991)] in a series of papers written on scat-
tering from an uncloaked spherical shell. In general, it is found that cloaking has the effect of
diminishing the amplitude and shifting tonal backscatter responses. Extreme changes of normal and
tangential fluid phase velocities at the fluid–solid interface when cloaking is employed leads to
elimination of the “mid-frequency enhancement” near the coincidence frequency for even modestly
effective cloaks, while reduction of the “high-frequency enhancement” resulting from the
“thickness quasi-resonance” near the cut-off frequency of the symmetric (SB2 ) mode requires more
effective cloaking, but can be practically eliminated by employing a cloak that creates tangential
acoustic velocities in excess of the SB2 mode phase speed near cutoff.
[http://dx.doi.org/10.1121/1.4816492]
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I. INTRODUCTION
There has been considerable interest of late on the poten-
tial use of cloaks to acoustically shield obstacles imbedded in
light and heavy fluids. For general reviews on the history and
past publications on acoustic meta-materials and the develop-
ment of transformational acoustics, the reader is referred to the
papers by Milton et al.,1 Greenleaf et al.,2 and Chen and
Chan.3 Briefly, the technique originated in transformational
optics based upon the invariance of Maxwell’s equations. In
2006, it was suggested by Leonhardt4 that such a concept could
be applied to acoustic cloaking, and shortly thereafter followed
publications by researchers developing inertial cloaks5,6 and the
development of a general theory for pentamode materials and
their corresponding governing equations.7 Relatively recent
demonstrations of the practical use of acoustic cloaks are found
in the papers by Zhang et al.8 [who experimentally demon-
strated an acoustic two-dimensional (2D) cloak using a
“transmission line” approach] and the work of Popa et al.9
(describing the utility of a 2D blanket comprised of highly ani-
sotropic material—perforated plastic plates—with success in
reducing scattering from blanketed obstacles imbedded in
“light” fluids).
A significant amount of the literature on the subject of
cloaking deals with theoretical aspects of the scattering phe-
nomenon, with the presumption that meta-materials neces-
sary for cloak construction are, or will soon be, available.
Papers offering theoretical designs for cloak meta-materials
are less prevalent, which are in turn more common than
papers reporting on “real world” cloaks.
Physical properties of scatterers being cloaked are often
idealized. For example, in acoustics the surface of the
scatterer is often assumed to be either acoustically soft or
hard as the focus of the research is more on the fluid medium
and the particular geometry of an embedded scatterer. What
is less well reported are effects a cloak might have given
fully coupled fluid-structure interactions. Aspects of the
effects a cloak may have on the fluid-structure interaction
constitute the novel contribution of this paper to the general
literature on cloaking and fluid-structure interactions of scat-
terers within anisotropic fluids. Perhaps the simplest geome-
try to study the effects of cloaking, given complicated fluid-
structure interactions, is that of scattering from a fluid-
loaded elastic spherical shell. This is what is addressed in
the present study.
Historically, several groups of authors have explored
plane wave scattering from spherical shells. They include
the works of Marston and co-workers,10–14 €Uberall and
co-workers,15–21 and the excellent three papers by
Sammelmann and Hackman.22–24 The present work specifi-
cally addresses scattering from heavy fluid-loaded, cloaked
spherical shells. The backscattering “form function” is
employed to quantify the effectiveness of cloaks over a large
frequency spectrum. To provide as full as possible account-
ing, the authors adopt a treatment similar to that used in the
earlier paper by Sammelmann and Hackman22 by finding
residues of the scattering amplitudes of various cloaks on a
specific spherical shell of prescribed thickness. This allows
the present authors to develop dispersion curves and corre-
sponding phase/group velocity curves for the lowest sym-
metric and anti-symmetric modes excited by the shell and
coupled fluid. In this way, general features of the backscatter
amplitude attributed to the transition to supersonic phase
speed of the Aþ0 mode at “mid-frequency” as well as the
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“high-frequency” thickness quasi-resonance of the symmet-
ric SB2 mode can be analyzed. It is found that the high-
frequency, quasi-resonance effect is more resistant to cloak-
ing than mid-frequency anomalies in the form function. Both
can be eliminated however, by a proper choice of cloak as
cloaking in the present instance essentially changes the tan-
gential and normal phase speeds of the fluid in the vicinity
of the fluid–solid interface.
The attribute “thin-shell” can be somewhat misleading.
Because the full equations of elasticity are employed, use of
the term thin-shell as applied by Junger and Feit,25 to qualify
for adopting approximate shell theories in the fluid-structure
interaction is not appropriate, and would not be valid in the
mid- and high-frequency regimes. The thin-shell designation
is taken from Sammelmann and Hackman,22 who label “very
thin,” “thin,” and “thick” shells using thickness to radius
ratios of h/a 0.005, 0.01 h/a 0.1, and h/a 0.1; for
very thin, thin, and thick shells respectively. It is in the thin
shell regime that the most interesting fluid-structure interac-
tion occurs, and in what follows, the thickness to radius ratio
is set to 0.05. Furthermore, the authors consider only two
types of material—aluminum and stainless steel. The choice
of these materials is in part due to the fact that they have
Poisson’s ratios above and below the value of one-third, and
therefore exhibit slightly different behaviors with respect to
their lowest symmetric and anti-symmetric Lamb modes.14
In particular, the cut-off frequency of the so-called
“thickness-stretch” mode is below that of the “thickness-
shear” mode for Poisson’s ratios below one-third and cut-off
frequencies are reversed for materials with Poisson’s ratios
above one-third in consideration of the extensional vibra-
tions of plates.
The outline of the paper following this introduction
includes a review of the governing equations and formal
modal solution to the scattering problem, results of the nu-
merical experiments for cloaks with varying degrees of
“effectiveness” as measured by the backscattered data, and a
conclusion.
II. GOVERNING EQUATIONS
The problem considered is that of a plane harmonic
wave with time dependence eixt propagating in the positive
z direction and the ensuing scattering from a spherical shell
of outer radius a and inner radius b. The density and wave
speed of the fluid are qf and cf, respectively, while those of
the shell are qs and (cL, cT) (compressional and shear). In
what follows, the fluid, compressional, and shear wavenum-
bers are given by k, kL, and kT, respectively. The governing
equation for pressure in the exterior fluid is the standard
Helmholtz equation in spherical coordinates
r2pþ k2p ¼ 0: (1)
For plane wave scattering from a spherical shell, the assign-
ment of pressures and normal displacements on the inner
and outer surfaces of the shell can be represented by series
expansions involving Legendre polynomials where symme-
try of the problem obviates any azimuthal angle depend-
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By applying continuity of stress and normal displace-
ment and vanishing of the tangential stress on the outer sur-
face of the sphere and vanishing of all stresses on the inner
surface of the sphere, one obtains a set of five coupled equa-
tions for the unknown modal amplitudes of the shell (an, bn,
cn, and rn) and the modal reflection coefficient Rn.
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[Assignment of the ratio of determinants (Dn) and expres-










The so-called form function used in Hickling26 and
Junger & Feit25 can be written as a finite sum of modes using
the far-field asymptotic form of the spherical Bessel func-
tions and evaluating the Legendre polynomials in the back-












When the spherical shell is cloaked with meta-materials
that include fluids having anisotropies in either bulk moduli
and/or density, Norris7 has derived a new governing equa-
tion for the “pseudo-pressure” within the cloak given by
KQ : r½q1Qr~p þ x2~p ¼ 0; (4)
where values of K, Q, q, and ~p are formulated in such a way
that a transformation of coordinates from the original (lab)
frame of reference governing the anisotropic material of the
cloak to that of a stretched coordinate system wherein the
inner boundary of the cloak layer shrinks and the fluid prop-
erties in the stretched coordinates match those of the iso-
tropic fluid exterior to the cloak. The particular type of cloak
used can be of a pure pentamode type, a pure inertial type, or
a mixture for purposes of the present study. What ultimately
matters in the sequel is the new interior radius of the cloak
after transformation. The new “effective” radius of the fluid/
structure interface is used in calculating fluid pressures and
displacements on the surface of the spherical shell. To be
specific, the choice of coordinate transformation from the
original coordinate system (~x) to the transformed system (~X)
could be
~X ¼ f ðrÞx^; x^ ¼ ~xk~xk ;
f ðrÞ ¼ dþ ðBþ a 2dÞ r  a
B a
 





ultimately leading to a revised fluid/structure interface at the
new radius d rather than at a, and where B is the outer radius
of the cloak. The effect of the cloak is that arguments of the
spherical Bessel functions relating to fluid pressures and dis-
placements on the wet surface of the sphere are now eval-










The form function for scattering from the spherical shell
is used to compare backscatter from the sphere in the pres-
ence and absence of a cloak.
Further analysis of the scattering is done by finding the
pole structure of the acoustic scattering amplitude using resi-





hnðkdÞDn  kah0nðkdÞ for cloaked spheres
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A “pole” is discovered if the result of the above expression
yields a complex root within the contour and the value of
Fn(z) is sufficiently small. As explained,
16,18 poles found in
this manner can be exploited to determine modal (or creep-
ing wave) phase and group velocities. By identifying fami-
lies of poles as being predominantly structural-borne
(Rayleigh-Lamb type modes) or fluid-borne (Scholte-
Stonely or Franz type), dispersion curves can be constructed.
Following the rationale given by Sammelmann et al.23
we define the phase speed (cp) of surface waves propagating








nþ 1=2 as n !1; (9)
which for large values of n matches the relative phase speed
for these modes in the work of Talmant et al.18 and the
creeping waves or the scattering resonance values given by
€Uberall et al.15,19 Using the discrete values of the phase
velocities of each of the families of dispersion curves, group


























Scattering from single vacuum-filled isotropic, homoge-
neous aluminum and stainless steel spherical shells is con-
sidered. Material properties for aluminum are given by
qs¼ 2700 kg/m3, cL¼ 6350 m/s, and cT¼ 3050 m/s (for a
Poisson’s ratio of 0.35); while for stainless steel the mate-
rial properties are: qs¼ 7570 kg/m3, cL¼ 5675 m/s, and
cT¼ 3141 m/s (for a Poisson’s ratio of 0.28). The surround-
ing fluid has density and sound speed qf¼ 1000 kg/m3 and
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cf¼ 1482.5 m/s, respectively. The outer radius of the sphere
is 1 m, and the inner radius is 95 cm.
In Fig. 1, comparisons of the form functions for the
plane wave scattering from the cloaked and uncloaked fluid
loaded aluminum spheres are given over the low frequency
range from ka¼ 0 to 10. Figure 2 is a similar representation
for the steel shell.
Apparent in Figs. 1 and 2 is the shift to higher frequen-
cies and the diminution and narrowing of peaks in the form
function, with all but the n¼ 2 peaks appearing for cloaks
with d¼ 0.25. It will be seen later that these peaks corre-
spond to the fluid-borne anti-symmetric modes propagating
on the shell. Values of n correspond to the mode number
from the expansion of the scattered pressure, but they can
also be identified with “standing circumferential waves”
(Ref. 18) or “creeping waves” in resonant scattering theory16
where n corresponds to the number of lobes of the radial sur-
face displacement in a hemisphere. These peaks have been
referred to as the “lower branch” (j¼ 1) of the normal modes
of shell vibration by Junger and Feit,26 but more recently
have been identified as “Scholte-Stonely waves” (A-wave).21
Figures 3 and 4 display the form functions for the alumi-
num and stainless steel shells over the interval 0 ka 500,
thereby including both the mid- and the high-frequency
FIG. 1. Form function for the aluminum shell at low frequency.
FIG. 2. Form function for the stainless steel shell at low frequency.
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regimes. In Figs. 3 and 4 there are prominent features that
disappear or remain as cloaks become more effective (d is
reduced). Because of its shift in frequency as the shell thick-
ness varies, Talmant et al.18 argued that the mid-frequency
“background” hump observed (between ka¼ 20 and 50 in
Figs. 3 and 4) was attributable to the lowest Lamb mode (A0
in their notation and Aþ0 in the present work). At roughly this
frequency, the lowest order anti-symmetric Lamb mode
matches and surpasses the exterior fluid phase speed and the
claim was made that this mode efficiently radiates energy
back into the fluid at or near these frequencies. While these
authors did display group velocity plateaus for the A wave
(this paper’s A0 mode) in the vicinity of the mid-frequency
hump, the explanation given for features of the hump were
that its broad background was due to the Lamb mode while
the sharper peaks were due to the constructive interference
of circumnavigating A (fluid-borne) waves.
In contrast, Sammelmann et al.22 perform a resonant
scattering theory analysis, reconstructing the mid-frequency
hump from A0 modes attributable to Franz or fluid-borne
modes on the shell. These authors argue that the lowest anti-
symmetric Lamb mode bifurcates near the coincidence fre-
quency below which the A0 mode behaves more like the
fundamental anti-symmetric Lamb mode for a shell in
FIG. 3. Form function for the aluminum shell 0 ka 500.
FIG. 4. Form function for the stainless steel shell 0 ka 500.
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vacuum, while approaching the phase speed of the external
fluid beyond the coincidence frequency. Sammelmann et al.
state “The mid-frequency enhancement in the form
function… is the result of the constructive interference
among the A0 resonances,” and “Physically, as we approach
the transition frequency, and the phase speed of the elastic
mode approaches that of the diffracted wave, very strong
coupling occurs between the two degrees of freedom, due to
what is essentially the matching of trace velocities. This
strong coupling between the two mechanisms is presumably
responsible for the broad enhancement in this region.” Later,
€Uberall et al.19 restated what Sammelman et al. referred to
as “mode switching” by distinguishing between the fluid-
borne “A-wave” (A0 mode in the present work) that behaves
like the lowest anti-symmetrical Lamb mode (hence appears
to be “shell-borne”) for a fluid loaded spherical shell at fre-
quencies below coincidence (and unlike that of the lowest
anti-symmetrical Lamb mode of a free plate which tends to
zero as the frequency approaches zero rather than turn
upwards as happens for a freely loaded shell) while the low-
est anti-symmetric Lamb mode (Aþ0 mode in the present
work) behaves more like that of a “free” flat plate mode
which does approach zero in the limit of zero frequency.
In Figs. 5 and 6 it is clear that the convergence of the
Aþ0 and A

0 phase speeds correspond to the broad mid-
frequency humps seen in Figs. 3 and 4. Note that in the case
of a cloak with d¼ 0.5 the hump vanishes, and we see in
Figs. 5 and 6 that the two phase speeds do not appear to con-
verge in the frequency interval below ka¼ 100. This tends to
confirm the statement made by Sammelmann et al. that the
mid-frequency enhancement is due to strong coupling
between these modes. (It will also be noted later that the
poles of the A0 modes for the two cases of no cloak present
and a cloak present with d¼ 0.75 that values of ka where A0
poles move away from the real axis are roughly congruent to
where the mid-frequency hump appears in the form func-
tions. For cloaks with d¼ 0.5 the A0 poles hug the real axis
for all ka 500, and no mid-frequency enhancement appears
in the form function.) The mid-frequency hump occurs at
roughly the value of ka where the Aþ0 mode phase speed
matches that of the exterior fluid as is easily seen in the “no
cloak” graphs of Figs. 5 and 6. Because the phase velocities
are relative to the fluid exterior to the cloak rather than the
fluid velocities at the surface of the shell, it is harder to tell
in the remaining graphs. However, using the asymptotic
value of the phase velocity of the A0 poles for a cloak with
d¼ 0.75, one can see especially in the case of the aluminum
shell that the Aþ0 phase speed is coincident with this asymp-
totic phase speed well before values of ka corresponding to
the mid-frequency hump.
It is also observed in Figs. 5 and 6 that the phase veloc-
ities of the A0 modes approach the value of the external fluid
speed when no cloak is present. The presence of a cloak cre-
ates anisotropy in the radial and tangential fluid velocities
for which the tangential fluid speed is greatest at the inner-
most radius of the cloak—in the present instance, on the sur-
face of the spherical shell. Phase velocities of the A0 modes
approach four-thirds that of the external fluid wave speed for
the cloak with d¼ 0.75a, and (although not apparent in the
figures) approaches nearly twice the external fluid wave
speed for a cloak with d¼ 0.5a. This is to be anticipated as
the tangential fluid velocity at the surface of the sphere when
a cloak is present is given by the relation ctangential ¼ða=dÞcf .
Corresponding values for the group velocities for the A60
modes are displayed in Figs. 7 and 8. Group velocities for
the A60 modes at high frequencies approach the values given
in the table below. While group speeds of the Aþ0 change
only by a few percent, highlighting their predominant shell-
FIG. 5. Phase velocities for the Aþ0 and A

0 modes for aluminum.
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borne characteristic, the group velocities of the A0 modes
more nearly match the tangential acoustic phase speed at the
fluid/solid interface.
The next most notable anomalies in the form functions
can be seen at values of ka between 200 and 250.
Sammelmann et al.23 analyzed these so-called “thickness
quasi-resonance” peaks noting that they appear to be related
to the negative group velocity of the symmetric Lamb (SB2 )
mode (near the cut-off frequency of the thickness-stretch
mode for stainless steel in Fig. 4 and the cut-off frequency
for the thickness-shear mode for aluminum in Fig. 3). These
peaks can be seen to persist for each cloak, albeit they dimin-
ish in magnitude for the more effective cloaks. A second
“peak” is observed in the form function for the stainless steel
shell at ka  400 which is at a ka value where the third anti-
symmetric Lamb mode has a negative group velocity (simi-
lar to the symmetric Lamb SB2 mode). Observation of such a
peak was expected in the work of Werby and €Uberall20 since
for elastic materials having a Poisson’s ratio less than 1/3 the
anti-symmetric (A3n) Lamb modes are expected to have an
anomalous dispersion similar to that observed for the sym-
metric SB2 Lamb mode.
FIG. 6. Phase velocities for the Aþ0 and A

0 modes for stainless steel.
FIG. 7. Group velocities for the Aþ0 and A

0 modes for aluminum.
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It is useful to consider the cut-off frequencies for
Rayleigh-Lamb modes of flat plates in vacuum, in analyzing
the results of the high-frequency regime displayed in the form
functions of Figs. 3 and 4. This makes sense since at these high
frequencies, wavelengths are much shorter than the radius of
curvature of the spherical shell. Cut-off frequencies associated
with the symmetric and anti-symmetric Rayleigh-Lamb modes
of an infinite flat plate in vacuum of thickness h are27
h ¼ kL=2; 3kL=2; 5kL=2;…










As kL/a¼ (cL/cf)(2p/ka) and kT/a¼ (cT/cf)(2p/ka) it is possi-
ble to find the cut-off values of ka for infinite aluminum and
stainless steel flat plates using the given fluid, shear, and
compressional phase speeds. One finds that the first few cut-
off values for stainless steel are








and the cut-off values for aluminum are








FIG. 8. Group velocities for the Aþ0 and A

0 modes for stainless steel.
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It should be stressed that these are cut-off values for flat
plates that are not fluid loaded. As is seen, the first symmet-
ric thickness-stretch (h¼ kL/2) and thickness-shear (h¼ kT)
cut-offs reverse order for aluminum and stainless steel. Their
values will be referred to in the subsequent pole analysis.
Following Sammelmann and Hackman,22–24 pole trajec-
tories in the complex plane for each of the several scattering
phenomena are considered. Figures 9 and 10 display the pole
structure for the aluminum and stainless steel shells, with
and without cloaks. The uncloaked pole results displayed in
Fig. 9 essentially match Ref. 23, Fig. 3(b). The poles are
found in the manner described in Sec. II, and can be used to
determine the phase and group velocities for each of the
modes that were displayed in Figs. 5–8.
It is readily observed that poles associated with symmet-
ric and anti-symmetric modes with indices greater than one
have cutoff values of ka that are very nearly the same as
those listed above for unloaded flat plates. It is also clear that
FIG. 9. Poles for the aluminum shell with and without cloaks.
FIG. 10. Poles for the stainless steel shell with and without cloaks.
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the general form of the curves for each of these modes is lit-
tle affected by the presence of cloaks. In fact, the most sig-




The terminus of SB2 and the beginning of the S1 modes
are the points on the curves that appear to have a vertical tan-
gents. The SB2 branch has a negative group velocity when Eq.
(10) is used and therefore is an instance of a mode that has
phase and group velocities of opposite sign. For stainless
steel, there is a small segment of what is labeled the A2
mode in Fig. 10 that has poles to the left of its first appear-
ance which should actually be labeled SB3 . Marston’s paper
14
adopts a numbering scheme used by Auld28 and
Achenbach29 that aggregates modes according to their group
velocities. In particular, the SB2 mode appears to be part of
the S1 mode in Figs. 9 and 10, but is in fact a portion of the
S2 branch that has a negative phase velocity and positive
group velocity. Between the cut-off frequencies for the first
thickness-stretch (X¼ hx/pcT¼ cL/cT or h¼ kL/2 where kL
is the compressional wavelength of the solid and h is the
thickness of the shell) and the first symmetric thickness-
shear (X¼ 2 or when h¼ kT where kT is the shear wave-
length of the solid) there is a purely imaginary S2 loop in the
Rayleigh-Lamb frequency spectrum that is not apparent in
Figs. 9 and 10. At the terminus of this loop, the S2 mode
reappears in Figs. 9 and 10, and this branch of the S2 mode
has both positive phase and group velocities.
In an effort to explain how the SB2 mode contributes to
the backscatter form function amplitude, Marston14 reverses
the convention described above that would assign a negative
phase and positive group velocity to the SB2 mode. Ray paths
for acoustic waves incident on the shell “phase match” the
modal phase speed at small angles (hB2 ) satisfying the
relation30
sin hB2 ¼ 6
cf
cB2
where cB2 is the phase speed of the S
B
2 mode:
The angle hB2 is measured from the specular point on the
sphere (the point on the sphere closest to the backscatter
direction). Incident acoustic waves at the phase matching
point launch SB2 surface Lamb waves that symmetrically tra-
verse the specular point, and generate backscattered acoustic
waves, contributing to the form function, at an equal angle but
opposite direction hB2 from the launch point. In other words,
the SB2 modes generate backscattered acoustic waves over a
small angular region about the specular point. Because the
damping parameter for these waves is relatively large, only
those surface waves that do not circumnavigate the sphere sig-
nificantly contribute to the backscatter form function. In the
paper by Kaduchak et al.30 the amplitude of this high fre-
quency “enhancement” of the form function was found to be
many times that of a purely reflected acoustic wave from a
rigid, immovable sphere, and was centered at the frequency
corresponding to the cut-off frequency of the SB2 and S1
modes. Displayed in Figs. 11 and 12 are the phase and group
velocities of a section of the SB2 mode near the frequency
where the enhancement of the form function is found. The
discrete values of the phase and group velocities of the SB2 and
S1 modes are nearly indistinguishable (displayed are the val-
ues for no cloak, a cloak with d¼ 0.75, a cloak with d¼ 0.5,
and a cloak with d¼ 0.25). Fluid loading appears to have little
effect on the SB2 mode, but because of the cloak, the tangential
fluid phase speed due to the cloak is increased by a factor of
1/d, and it is this acoustic phase speed that must be matched
to determine the value of hB2 . Modification of the angular for-
mula to account for the cloaking is
FIG. 11. Phase and group velocities for the S1 and S
B
2 modes of the aluminum shell with and without cloaks.
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From Figs. 11 and 12, one can estimate the values of cB2=cf
to be approximately 8 for aluminum and 7 for stainless steel.
The effect of the cloak is to widen the angle over which the
SB2 mode must propagate—hence decrease the magnitude of
its backscattered acoustic wave. Indeed, it is possible to
reduce the value of d to the point that acoustic waves inci-
dent on the shell are unable to phase match the phase speed
of the SB2 mode and the high frequency anomaly will disap-
pear altogether. Returning to the form function plots of Figs.
3 and 4, one can see that for a cloak with d¼ 0.25, the high
frequency hump near ka¼ 250 is nearly gone. In these cases,
the angles hB2 for aluminum and stainless steel are approxi-
mately 30 and 35 while these angles shrink to about 7 and
8 when there is no cloak present.
IV. CONCLUSIONS
It has been found that cloaking thin shells that are heav-
ily fluid loaded significantly changes attributes of their
acoustic backscatter. Notably, tonals are reduced and
shifted—particularly at low frequencies, while the two most
dominant features exhibited in the mid- and high-frequency
regimes can be essentially eliminated given cloaks that suffi-
ciently increase the tangential acoustic phase speed at the
fluid/solid interface. The mid-frequency enhancement is
eliminated due to a loss of close coupling between the fluid/
structure Aþ0 and A

0 modes as d decreases. The high-
frequency enhancement is significantly reduced because of a
widening of the angle over the surface between launch points
of the (highly damped) SB2 backwards surface wave where it
phase matches the tangential acoustic speed.
APPENDIX
Dn ¼
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44
a51 a52 a53 a54


, a11 a12 a13 a14
a31 a32 a33 a34
a41 a42 a43 a44

















































FIG. 12. Phase and group velocities for the S1 and S
B
2 modes of the stainless steel shell with and without cloaks.
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a31 ¼ 2½kLaj0nðkLaÞ  jnðkLaÞ
a32 ¼ 2½kLay0nðkLaÞ  ynðkLaÞ
a33 ¼ ð2kn  2  k2Ta2ÞjnðkTaÞ  2kTaj0nðkTaÞ
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